Abstract. Low-order finite element discretizations of the linear elasticity system suffer increasingly from locking effects and ill-conditioning, when the material approaches the incompressible limit, if only the displacement variables are used. Mixed finite elements using both displacement and pressure variables provide a well-known remedy, but they yield larger and indefinite discrete systems for which the design of scalable and efficient iterative solvers is challenging. Two-level overlapping Schwarz preconditioners for the almost incompressible system of linear elasticity, discretized by mixed finite elements with discontinuous pressures, are constructed and analyzed. The preconditioned systems are accelerated either by a GMRES (generalized minimum residual) method applied to the resulting discrete saddle point problem or by a PCG (preconditioned conjugate gradient) method applied to a positive definite, although extremely ill-conditioned, reformulation of the problem obtained by eliminating all pressure variables on the element level. A novel theoretical analysis of the algorithm for the positive definite reformulation is given by extending some earlier results by Dohrmann and Widlund. The main result of the paper is a bound on the condition number of the algorithm which is cubic in the relative overlap and grows logarithmically with the number of elements across individual subdomains but is otherwise independent of the number of subdomains, their diameters and mesh sizes, the incompressibility of the material, and possible discontinuities of the material parameters across the subdomain interfaces. Numerical results in the plane confirm the theory and also indicate that an analogous result should hold for the saddle point formulation, as well as for spectral element discretizations.
Introduction.
Finite element discretizations of linear elasticity problems, using only displacement variables, suffer increasingly from locking effects and illconditioning when materials approach the incompressible limit. A well-known remedy is to use mixed finite elements with both displacement and pressure variables, but this approach yields larger and indefinite discrete systems for which the design of scalable and efficient iterative solvers is quite challenging. In this paper, we construct and analyze overlapping Schwarz preconditioners for the almost incompressible elasticity system discretized by Q h 2 − P h 1 mixed finite elements with discontinuous pressures on hexagonal elements on both the fine and coarse levels. The resulting discrete saddle point problem can be solved iteratively by GMRES with an overlapping Schwarz preconditioner based on solving local and coarse saddle point problems involving both terials might be developed directly for the pure displacement formulation when hp and spectral element methods are employed, since these higher order discretizations are known to eliminate locking without resorting to mixed formulations; see, e.g., [32] .
The rest of the paper is organized as follows. The almost incompressible elasticity system and its mixed finite element discretization are introduced in section 2. Overlapping Schwarz methods for the positive definite reformulation are introduced in section 3, while analogous methods for the mixed formulation are given in section 4. The theoretical analysis of our method for the positive definite formulation is provided in section 5. Numerical results in the plane for both formulations are presented in section 6.
2. Almost incompressible elasticity and mixed finite elements.
The continuous problem. We consider a domain Ω ⊂ R
d , d = 2, 3, decomposed into N nonoverlapping subdomains Ω i of diameter H i , and forming a coarse finite element partition τ H of Ω,
Let H = max i H i be the characteristic diameter of the subdomains and ∂Ω D a nonempty subset of ∂Ω. To simplify our discussion, we will only consider the case of ∂Ω D = ∂Ω and we will also assume that the solution vanishes on ∂Ω. The interface of the domain decomposition (2.1) is given by
In the next subsection, we will further partition each subdomain into many shaperegular finite elements. We will assume that the nodes match across the interface between the subdomains. We consider a mixed formulation of linear elasticity for almost incompressible materials as, e.g., in [5, Chapter 1] : find (u, p) ∈ V × U such that (2.2)
The displacement and pressure spaces are given by
F represents the applied forces and μ(x) and λ(x) are the Lamé parameters of the material that, for simplicity, are assumed to be constant in each subdomain Ω i , i.e., μ = μ i and λ = λ i in Ω i . These parameters can be expressed in terms of the local Poisson ratio ν i and Young's modulus E i as (2.3) Thus, the global problem (2.2) can be obtained by assembling contributions to the bilinear forms from those of the subdomains. 
Q
while the pressure space consists of discontinuous, scalar, piecewise linear functions with a zero average,
The two spaces are defined on the same quadrilateral or hexahedral mesh. This mixed finite element method satisfies a uniform inf-sup condition:
For a proof of this result see Girault and Raviart [15, . We have also considered mixed spectral elements of the Q n − Q n−2 family, based on Gauss-Lobatto-Legendre quadrature and a nodal basis (see Bernardi and Maday [4] ), and found analogous numerical results. In this paper, we will focus on the Q h 2 − P h 1 finite element case. 2.3. The discrete system and its positive definite reformulation. The discrete system obtained from mixed finite elements is assembled from the saddle point matrices of the subdomains Ω i :
where μ i A i , B i , and 1/λ i C i are the matrices associated with the local bilinear forms μ i a i (·, ·), b i (·, ·), and 1/λ i c i (·, ·) defined in (2.4), (2.5), and (2.6), respectively. Since we are using discontinuous pressures, all pressure degrees of freedom can be eliminated, element by element, to obtain reduced positive definite stiffness matrices (2.9) 
The load vector of the full system can similarly be assembled from contributions from the subdomains. For further details see [9, sections 2 and 3] . We note that we have to develop estimates using the bilinear formsā i (u h , v h ) in all our analyses and that they contain terms with the potentially huge factors λ i . To control these terms, we will, when developing the theory, estimateā i (u h − u 0 , u h − u 0 ) instead ofā i (u 0 , u 0 ) while making sure that the fluxes across the subdomain boundaries vanish:
Here u 0 := I H u h , where I H is an interpolant mapping onto a coarse space; see, further, subsection 5.2. This no-net-flux condition allows for a divergence free extension of the boundary data and we are then able to use [9, Lemma 3.3] to good effect obtaining the key estimate
Here β is the inf-sup parameter of the mixed finite element pair of spaces.
3. Overlapping Schwarz methods for the positive definite reformulation. We extend each subdomain Ω i to a subdomain Ω i , which will overlap other extended subdomains, by adding one or several layers of elements outside ∂Ω i . We will denote the minimal thickness of Ω i \ Ω i by δ i . To each of the Ω i , we then associate a local space
and a bilinear formã i (u i , v i ). Since we will only consider algorithms for which the local problems are solved exactly, we find thatã
h simply extends any element of V i by zero outside Ω i . We can also represent this bilinear form in terms of the principal minorĀ i of the matrixĀ associated with the degrees of freedom of the space V i .
We also define a coarse space V 0 on the coarse subdomain mesh τ H by
We will also use a coarse embedding operator R
The discrete space V h can then be decomposed into a coarse and many local spaces as follows:
We next define local and coarse (for i = 0) operators 
The matrix form of this operator is P OAS = B OASĀ , whereĀ is the stiffness matrix of the positive definite reformulation and B OAS the additive Schwarz preconditioner
Here,Ā i = R iĀ R T i are the local stiffness matrices associated with the subspace V i andĀ 0 = R 0Ā R T 0 the coarse stiffness matrix. We can also define multiplicative and hybrid Schwarz preconditioners B OMS , B OHS as in [34, section 2.2] . In some of our experiments, we will also consider one-level additive algorithms simply obtained by dropping in (3.1) the coarse term P 0 , which originates from the coarse space V 0 .
Overlapping Schwarz methods for the mixed formulation.
A related but different overlapping Schwarz preconditioner can be constructed directly from the mixed formulation of the almost incompressible elasticity system. To this end, we define the local pressure spaces
We note that in order to satisfy the inf-sup condition of the local problems, the displacement space V i should be sufficiently rich in relation to the pressure space U i ; given that we are working with overlapping subdomains, we have some flexibility when choosing the pressure spaces. Other variants of local pressure spaces could be considered as in [21, 28] ; our choice in this paper corresponds to Version 2 in [21, 28] . This flexibility in choosing the local pressure spaces makes the saddle point preconditioner quite different from the positive definite preconditioner of the previous section.
A coarse pressure space is defined on the coarse subdomain mesh τ H by
Given local and coarse (for
. . , N, we can then decompose the discrete space V h × U h into local and coarse spaces as
Define the local (for i ≥ 1) operators 
. . , N, our two-level OAS operator formally has the same structure as before, 
Its matrix form is
where
We remark that this preconditioner leads to a system with complex eigenvalues in spite of the symmetry of both the original system and the preconditioner. The symmetry cannot be recovered as in the case of the previous section because now the preconditioner and the original system are indefinite. Therefore, in general, we no longer can employ the conjugate gradient method but must resort to a more general Krylov space method such as GMRES; see, e.g., [34, section C.6] . As before, we can also define multiplicative and hybrid Schwarz preconditioners B 5. Condition number bounds. We will now establish a scalable condition number bound for the overlapping Schwarz methods defined in section 3 for the positive definite formulation. We recall that our coarse space is based on a coarse mesh consisting of cubic subdomains and that the coarse displacement space equals (Q H 2 )
3 ; we will only consider the three-dimensional case when developing the theory. Our results extend immediately to mixed finite element methods based on tetrahedra provided that the pressure space is based on discontinuous functions. We note that it is important for our arguments that there is at least one interior node for the displacement variable on each subdomain face.
We note that for scalar elliptic problems, technical tools were developed in [34, subsection 3.5] for a case where the coarse space triangulation can cut through the mesh cells of the fine triangulation. In [34, subsection 8.2] , some of that work was extended to problems of compressible linear elasticity. All that work concerned constant coefficients only. In our current work, we will only assume that the Lamé parameters are constant in each subdomain Ω i and that the set of Lamé parameters {μ i } N 1 satisfies a quasi-monotonicity condition; see Assumptions 1 and 2 below. Just as in [9, 10] , we will be able to hide, in a certain sense, the term ofā i (u h , v h ) with the potentially very large factor λ i .
The assumptions and the main result.
The following assumption was introduced in [13, section 5] in work on multilevel Schwarz algorithms for scalar elliptic problems; the role of the coefficient function for these elliptic problems will be played by the set of Lamé parameters {μ i } for the case at hand. We note that we can relax these conditions, at the expense of an additional factor in the final result, by allowing a modest decrease when we pass from one subdomain to the next along the paths.
In turns out that we can also relax Assumption 1 in another way and we will adopt the following assumption.
Assumption 2. Consider the same paths as in the previous assumption but relax the condition assuming only that for any subdomain Ω j along the path from
It will be important that the union Ω i of the subdomains and subdomain faces for all such paths associated with all the subdomain vertices of a single subdomain form a domain for which Poincaré's and Korn's inequalities can be used; it is therefore important that the paths, introduced in the assumptions, always pass from one subdomain to another through a subdomain face.
Our main result concerns the case when the pressure variable has been eliminated as in section 3.
Theorem 5. Thus, our bound will essentially be proportional to (H/δ) 3 , just as in [9, 10] . Two of these factors originate from the inf-sup parameter and the inequality (2.10) and one from the bound in (5.13); for a further discussion of these matters, see [9] .
Let the set of Lamé parameters {μ i } be quasi-monotone in the sense of Assumption 2. Then the condition number of the additive Schwarz operator
Given that we are analyzing an overlapping Schwarz method, for which we can use exact solvers for the coarse and local subspaces, the only main challenge is to develop a bound on the parameter C 
We recall that the local bilinear formsā i (·, ·) have been defined in section 3 by confining the integration to the set Ω i . We will bound separately the coarse and local components of (5.1).
A bound for the coarse component. An element of the Q H
2 finite element method in three dimensions has 27 nodes located at the subdomain vertices, at the midpoints of the subdomain edges, at the middle of the six faces of the cube, and at the center of the element. Associated with each of these nodes are three displacement components. We will now construct the coarse space component u 0 of the Schwarz subspace decomposition of (5.1) and estimate its norm indirectly by estimating the norm of w h := u h − u 0 in terms of the norm of u h . Downloaded 04/18/16 to 159.149.197.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
The element u 0 is defined in two steps; the second will make the flux of w h vanish across each subdomain boundary, which will allow for a divergence free extension into the interior of each subdomain. In this second step only the nodal values at the center of the subdomain faces are changed; using just one parameter for each subdomain face, we will make the flux of w h across that face vanish. We will use the notation I H u h := u 0 with the operator I H linear. We will develop such an interpolation operator which also works well for nonzero values on the boundary of Ω.
Given an arbitrary element u h , the value of u 0 at a subdomain vertex V in the interior of Ω is given by the best L 2 (Ω max V )-approximation of u h , by vector-valued functions with trilinear components; after having computed this function, we simply evaluate it at V. For a subdomain vertex on ∂Ω, we instead use the best approximation with respect to L 2 (F ), using the restriction of the same space of trilinear functions to F . Here,
The nodal values of the coarse components at the nodes that are not at vertices of the coarse elements are obtained by Q 3 , is finally corrected by changing the nodal values of the normal displacements at the center of all coarse element faces. The new values are chosen so that the integral of the normal component of w h over any of these faces will vanish. Thus, we determine a correction term δu 0 by the condition
Here F is any subdomain face of ∂Ω i and n a vector normal to F . The face correction term (δu 0 ) for this face equals α F φ c (x)n, where φ c is the nodal basis function of Q H 2 associated with that node, which equals 1 at the center of the face, and which vanishes at all other nodes of the coarse mesh. It is easy to see that F φ c (x)dA is proportional to |F | and that |φ c | 2
To estimate α F , we use (5.2), Cauchy-Schwarz's inequality, and an elementary trace theorem
cf., e.g., [27] . We obtain the estimate δu 0 2
It is easy to see thatũ 0 = r if u h = r for any element r ∈ RB, the space of rigid body modes. This follows from the fact that each component of a rigid body mode is a trilinear function. We also note that RB is the null space of the elasticity operator in the absence of boundary conditions. Thus, the null space condition is satisfied; cf. [33, p. 132] . It is also true that I H r = r since u h −ũ 0 will vanish already after the first step of our interpolation procedure if u h ∈ RB. Therefore, the correction in the second step will also vanish.
We now turn to establishing the bound of u h −ũ 0 in terms of u h . Using the definition ofũ 0 and following [13] , we find that for a subdomain vertex V, in the interior of the domain Ω, we have
To see this, we recall that V is a node on the boundary of Ω We then find that for a subdomain with all its vertices in the interior of Ω,
This follows from (5.4) and a trivial estimate of the energy of the coarse basis functions. The right-hand side of this inequality can be estimated after adding nonnegative terms, the squares of seminorms, by
.
Here Ω i is the union of all the subdomains of all the paths, of Assumption 2, of the subdomain vertices of Ω i . For a subdomain vertex that lies on ∂Ω, we will use the trace theorem (5.3) to estimate H
The contribution from such a subdomain vertex can indeed be estimated by H
. Thus, the vector-valued function v(x), with bilinear components, which is the best approximation of
By an argument about a mass matrix, now for functions of two independent variables, we find that
. We next multiply this vertex value by the coarse nodal basis function of that vertex and compute the energy of the resulting function, which can be bounded by CH We note that we have already shown how to estimate the correction term δu 0 in terms of u h −ũ 0 . We can therefore conclude that μ i w h
. In order to establish a bound forā i (u h − u 0 , u h − u 0 ), we will revisit and revise arguments in [9] . Since I H r = r ∀r ∈ RB, we find that u 0 − r = I H (u h − r) and that w h = u h − r − I H (u h − r). We will use the shift with r when using a Korn's inequality (5.6) inf
cf. [9, Lemma 5.2]. We note that by Assumption 2, the Lamé parameters of all the subdomains which form Ω i are at least equal to μ i and that the Ω i allow us to use a Korn inequality; we note that we can find a path from any subdomain of Ω i to any other such subdomain via Ω i passing only through subdomain faces. Then [9, Lemma 5.2] provides a bound in terms of a j (u h , u h ):
Since w h satisfies the no-net-flux condition, we can now use (2. a i (w h , w h ), which in turn can be estimated by the left-hand side of (5.7) and finally by the right-hand side of (5.7). Thus,
Finally, we note that, trivially, μ j a j (u h , u h ) ≤ā j (u h , u h ) .
We also note that in contrast to the construction in [9] , w h will generally not vanish at the subdomain vertices. However, using [34, Formula (4.16)] and an elementary estimate of the energy of the nodal basis functions, we find that the energy of the component associated with a subdomain vertex can be bounded in a satisfactory way; see, further, the next subsection.
Local bounds.
In the analysis of the local components u i ∈ V i , into which w h will be decomposed, we can follow the analysis in [9, section 5.3] quite closely. There will be very few complications and we will be able to follow the strategy of [9] of doing analysis on one subdomain at a time until the very end when we have to bring in our estimate ofā i (w h , w h ), which is based on (5.8). In fact, we will find that some of our arguments are simpler than those in [9] .
In the analysis, we will first localize w h to the faces and edges of the subdomain Ω i , find and estimate correction terms which will make each of these local terms have no net flux, and then use these local terms to construct contributions from Ω i to V i and the subspaces V j associated with the subdomains which intersect Ω i .
We note that in the beginning of [9, section 5.3], we had to examine the construction of u 0 quite closely in order to avoid introducing an additional, unnecessary factor (1 + log(H/h)). Given that we have established a uniform bound for the norm of w h in subsection 5.2, this will not be necessary. Since w h generally will not vanish at the subdomain vertices, we have to modify our argument slightly when we consider certain edge terms. This is accomplished by a simple modification of the cutoff functions associated with the subdomain edges.
Before we turn to the analysis of the local terms, we will recall a result on the effect of the aspect ratios of domains on the inf-sup parameter. We also will borrow a bound, from [9, Lemma 5.4], for certain face cutoff functions ϑ δ F ij which are supported in the closure of the set (5.9)
In addition, for each edge E j ⊂ ∂Ω i , common to two faces F ij and F i of Ω i , we will consider a modified edge cutoff function,θ Bounds over these two sets of domains, which have aspect ratios of order H i /δ i , will affect the estimates of the u i ∈ V i , i ≥ 1, in the decomposition which results in our estimate of C coarse space component u 0 since all estimates required in section 5.2 are for entire subdomains which, by assumption, are shape regular.
The effect of the aspect ratio has been considered in the literature, in particular, by Dobrowolski [6] . These matters are discussed at some length in [9] where it is shown that the inf-sup constant of a domain such as Ξ ij will decrease in proportion to δ i /H i . Using inequality (2.10) in an almost incompressible case will then contribute a factor (H i /δ i ) 2 to our bound of C 2 0 . A standard tool in the theory for iterative substructuring problems is provided by [34, Lemma 4.24]
Here ϑ F ij is an explicitly constructed function, which equals 1 at all nodes interior to the face F ij . We also have the bound
see [34, Lemma 4.25] . In our analysis of the local terms, we need similar bounds but for the intersection of Ω i with Ω j , the extension of the other subdomain Ω j , which has a face F ij in common with Ω i . Just as in [9] , we will use a face cutoff function ϑ δ F ij which is different from ϑ F ij in two respects. Instead of having the value 1 at all nodes of F ij , it will equal dist(x, ∂F ij )/δ i , at any node x ∈ F ij within a distance δ i of the boundary of the face; at all other nodes on F ij the nodal values remain 1. We note that this function thus resembles a regular face cutoff function on a coarser mesh with elements of size δ i . In addition, we will restrict the support of this cutoff function to the closure of Ξ ij . The bound on the right-hand side of (5.11) must then be multiplied by a factor H i /δ i . On the other hand, one of the factors (1 + log(H i /h i )) in (5.11) can be replaced by (1 + log(H i /δ i )). 
We note that a proof, cited in the proof of this result, from [34, Lemma 4.16] , is not satisfactory but that a good proof now is provided in [11, Lemma 3.1] .
Just as in [9, subsection 5.3] , these face and edge functions are used in order to partition w h into functions that are supported in the closure of individual overlapping Downloaded 04/18/16 to 159.149.197.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php A823 subdomains Ω j . However, while w h , by construction, has a zero net flux across all subdomain faces, this is no longer the case with the local functions just constructed. We therefore have to introduce correction terms and here we can follow [9] very closely. For each face F ij , we thus obtain a modified face function w F ij and for each subdomain edge E i a modified edge function w E i . All of these functions have zero net flux across the subdomain boundary ∂Ω i . In addition, these functions satisfy the same bounds as those of Lemmas 5.2 and 5.3. The sum of these face and edge functions also equals w h on the interface.
What remains is to partition w i , the restriction of w h to Ω i , into contributions to the local subspace V i and the subspaces associated with the subdomains which have a face or edge in common with Ω i . Here we can exactly use the recipes of [9, subsection 5.3] . Thus, we begin the construction of the restriction of u i ∈ V i to Ω i by subtracting (1/2)w F ij from w i and adding the same function to the restriction of u j ∈ V j to the same subdomain Ω i . By using the same recipe for the neighboring subdomain Ω j we obtain an element in V i . A similar partitioning is also made of the edge functions w E i ; for details, see [9, subsection 5.3] .
The conclusion of the proof of our main theorem can also very closely be modeled on that earlier work; see also the discussion at the end of subsection 5.2.
Numerical results.
In this section, we report on results of numerical tests in two dimensions with the OAS preconditioners for the almost incompressible elasticity system as defined in section 3 for the positive definite formulation and in section 4 for the mixed formulation. Our problem is discretized with Q The domain is decomposed into N overlapping subdomains of characteristic size H and the overlap size δ is the minimal thickness of the extension Ω i \ Ω i of each subdomain Ω i . The resulting linear system is solved by the GMRES method for the saddle point formulation and by the PCG method for the positive definite reformulation where the pressure has been eliminated. In all cases, we use one-or two-level overlapping Schwarz preconditioners as defined in sections 3 and 4. The restart number of the GMRES method is set to be 200. We have run our MATLAB program on a Linux PC, using a zero initial guess and a stopping criterion of a 10 −6 reduction of the residual norm. In each test, we report the iteration counts (it.), the iteration errors (err.), i.e., the difference between the iterative solution and the solution obtained by using MATLAB default direct solver and, for PCG, we also report the condition number (cond.) of the preconditioned operator defined as the ratio of its extreme eigenvalues λ max /λ min .
Robustness of OAS(2) and OHS(2) for almost incompressible materials. We first consider the saddle point formulation solved by GMRES with two-level additive (OAS) and hybrid (OHS) preconditioners. The system is discretized with a fixed number N = 3 × 3 of subdomains, the ratio H/h = 4, and an overlap δ = h. Table 1 reports the iteration counts and errors of this saddle point system. The results clearly show the robustness of both OAS(2) and OHS(2) preconditioners when the Poisson ratio ν approaches the incompressible limit ν = 1 2 , with a slightly better performance of the hybrid OHS(2) preconditioner.
Analogous results are shown in Table 2 for the positive definite formulation solved by PCG with two-level OAS and OHS preconditioners. Now we also report the conDownloaded 04/18/16 to 159.149.197.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Table 1 
Saddle point formulation. GMRES with two-level OAS and OHS preconditioners. Iteration counts and iteration errors for an increasing Poisson ratio
ν → 1 2 . Fixed N = 3 × 3, H/h = 4, overlap δ = h.
Saddle point
Saddle point GMRES-OAS (2) GMRES-OHS (2) 
Pos. definite formulation
Pos. definite formulation PCG-OAS (2) PCG-OHS (2) 
Saddle point, GMRES-OAS(2)
Saddle point, GMRES-OAS(1) dition numbers and extreme eigenvalues of the preconditioned operator. Again, the OHS(2) preconditioner has a slightly better performance due mostly to a smaller largest eigenvalue.
Scalability of OAS(2).
We then investigate the scalability of our overlapping Schwarz preconditioners. In Table 3 , we consider both the two-level GMRES-OAS(2) and one-level GMRES-OAS(1) algorithms, applied to both the saddle point (top) and positive definite (bottom) formulations, for increasing number of subdomains N and a fixed H/h = 5, ν = 0.4999. In each case, we consider both a minimal overlap of δ = h and a larger overlap of δ = 2h. The results show that the GMRES-OAS (2) Table 4. count is bounded from above by a constant independent of N , clearly showing the scalability of the proposed preconditioners, while the one-level algorithm GMRES-OAS (1) is not scalable since its iteration count grows with N . Increasing the overlap size yields a considerable improvement for the positive definite formulation, but only a marginal improvement for the saddle point formulation. An analogous scalability test is reported in Table 4 for PCG-OAS(2) applied to the positive definite formulation with fixed H/h = 5, ν = 0.4999, overlap δ = h (left) and δ = 2h (right), for N increasing up to 10 × 10 subdomains. We also report the condition numbers and extreme eigenvalues of the preconditioned operator.
All the results clearly show the scalability of PCG-OAS(2), in agreement with our main bound of Theorem 5.1. The condition numbers from this table are also plotted in Figure 1 as a function of N .
OAS(2) dependence on H/h. We now investigate the OAS(2) dependence on the ratio H/h for the positive definite formulation, considering both a compressible material with ν = 0.3 in Table 5 and an almost incompressible material with ν = 0.4999 in Table 6 . The number of subdomains is fixed at N = 3 × 3, the overlap size is either δ = h (left) or δ = 2h (right), while the ratio H/h increases from 4 to 32. The PCG-OAS(2) condition numbers from both tables are also plotted in Figure 2 . The results indicate a growth of the condition number that in the compressible case seems to be linear in H/h. In the almost incompressible case, the condition numbers are much larger and their growth seems to be more than linear in H/h, even if for small Downloaded 04/18/16 to 159.149.197.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php overlap δ = h the growth slows down for the larger values of H/h = 24 and 32. In all cases, this growth is due to the minimum eigenvalues decreasing toward zero when H/h increases. Also in all cases, a larger overlap improves the results considerably.
OAS(2) dependence on H/δ. In order to check our main bound in Theorem 5.1 predicting a (H/δ) 3 growth of the condition number, we have investigated the effect of increasing the ratio H/δ while fixing N = 4 and H/h = 128. The results are reported in Table 7 and also plotted in Figure 3 and appear to confirm the theDownloaded 04/18/16 to 159.149.197.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Table 7 .
oretical (H/δ) 3 bound in the almost incompressible case, while the bound appear to be only linear in H/δ in the compressible case.
OAS(2) robustness with respect to discontinuous material parameters. In Table 8 , we consider two tests with discontinuous material parameters. The first, the unpreconditioned GMRES does not converge in spite of large iteration counts with several restarts. Q n − Q n−2 spectral elements: PCG-OAS(2) dependence on n and discontinuous material parameters. Finally, we remark that analogous results have been obtained with Q n − Q n−2 spectral element discretizations. Here, we only briefly report in Table 9 on the independence of the iteration count for PCG-OAS(2) of the polynomial degree n when the overlap size is at least one element. This is as expected from our previous studies on Schwarz preconditioners for spectral elements. 
